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Abstract
Let K be an algebraic function ﬁeld of one variable with constant ﬁeld k and let C be the Dedekind
domain consisting of all those elements of K which are integral outside a ﬁxed place ∞ of K. We
introduce “non-standard” automorphisms of the group SL2(C), generalizing a result of Reiner for the
special case SL2(k[t]). For the (arithmetic) casewhere k is ﬁnite, we use these to transform congruence
subgroups into non-congruence subgroups of almost any level. This enables us to investigate the
existence, number, and minimal index of non-congruence subgroups of prescribed level. We provide
also a group-theoretic characterization of those SL2(C) where C is a principal ideal domain.
© 2005 Elsevier B.V. All rights reserved.
MSC: 11F06; 19B37; 20F28; 20G30; 20H05
0. Introduction
LetK be an algebraic function ﬁeld of one variable with constant ﬁeld k. LetC be the ring
of all elements of K that are integral outside a ﬁxed place ∞ of K. (The simplest example is
C=k[t], the polynomial ring over k.) Our focus of attention is the group=SL2(C).When k
is ﬁnite,C is the only example of an arithmetic Dedekind domain of non-zero characteristic
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with ﬁnitely many units. (This is a well-known consequence of Dirichlet’s Unit Theorem.)
In this case the group  plays a fundamental role in the theory of Drinfeld modular curves
[4], which extends to the function ﬁeld setting the classical theory of modular forms.
Let V be a k-subspace ofC and letB2(V ) be the subgroup of all upper triangular matrices
over V in . Serre [14, Theorem 10, p. 119] has proved a fundamental decomposition
theorem for , valid for any k. From this it follows that  is the free product of B2(C) and
another subgroup J, amalgamated along B2(V0), where V0 is a ﬁnite dimensional subspace
of C. (The dimension of V0 is determined by the Riemann–Roch Theorem.)
Any k-automorphism ofC,, which ﬁxesV0, then gives rise to an automorphism,, of.
This generalizes a well-known result of Reiner [13] for the special case SL2(k[t]). Any ring
automorphism of C extends (in a very natural way) to an automorphism of  and is often
referred to as “standard”. For this reason we refer to the above as “non-standard”. Since, by
deﬁnition,  maps elementary matrices onto themselves, it is appropriate to introduce the
notion of the quasi-level, ql(S), of a subgroup S of . This extends the classical notion of
the level of S, l(S). By deﬁnition ql(S) is an additive subgroup of C which in most cases is
a k-subspace. Then l(S) is the largest C-ideal contained in ql(S). The crucial point for our
purposes is that the quasi-level of (S) is equal to (ql(S)).
For the remainder of the paper we assume that  is of arithmetic type, i.e. k is ﬁnite.
Here the classical notion of the level of a subgroup has proved to be particularly useful,
especially for the congruence subgroups of . We use non-standard automorphisms to map
congruence subgroups onto non-congruence subgroups of (almost) arbitrary quasi-level.
By this means we prove, for example,
Theorem A.  has uncountably many non-congruence subgroups of level zero.
(This extends a result of Serre [14, p. 125] who has proved that  has uncountably many
ﬁnite index subgroups.) The existence of such subgroups represents an anomaly in the
following sense. If A is an arithmetic Dedekind domain, other thanC, it is known that every
ﬁnite index subgroup of SL2(A) has non-zero level.
In previous papers the authors [10–12] have determined ncs(C), the minimal index of
a non-congruence subgroup of . Now we use non-standard automorphisms to determine
the minimal index of a non-congruence subgroup of prescribed level, in particular those of
level zero and level C, the extremal cases.
We derive a lower bound for the minimal index of a non-congruence subgroup of level
different from C. In “almost all” cases it turns out to be greater than ncs(C). Under certain
conditions our lower bound is sharp, for example
Theorem B. Let q3. Then  has uncountably many normal subgroups of level zero and
index q.Moreover, for every maximal idealm of sufﬁciently high degree there exists at least
one normal non-congruence subgroup of  of level m and index q.
For q > 3 we can prove an analogous result (Proposition 4.5) only under the condition
that C has an ideal of degree 1. The difference between the cases q3 and q > 3 (in the
formulas and in terms of difﬁculty of proof) comes from the fact that for q3 all diagonal
matrices are central, which allows an easy construction of subgroups of index q.
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In contrast to the case of level zero we show that ncs(C) can always be attained by a non-
congruence subgroup of non-zero level, and in “almost all” cases even by a non-congruence
subgroup of level C. In the process we investigate also the number of such subgroups (i.e.
whether ﬁnite, countably inﬁnite or uncountably inﬁnite). We also determine precisely
which C-ideals occur as levels of non-congruence subgroups.
Theorem C.
(a) SL2(k[t]) has no non-congruence subgroups of level a if and only if deg(a)1. If
deg(a)> 1, the number of non-congruence subgroups of level a is countably inﬁnite.
(b) Let g=0 and =2. If q3, then there exist uncountably many normal non-congruence
subgroups of level C and index q in . But if q > 3, then  has no non-congruence
subgroups of level C. For any q there are inﬁnitely many non-congruence subgroups of
level a, for all C-ideals a.
(c) If g > 0 or > 2, then  has non-congruence subgroups of every non-zero level a.
Serre’s decomposition theorem [14, Theorem 10, p. 119] for  is derived from its action
on a certain (combinatorial) tree,X (a special type ofBruhat–Tits building). Using the theory
of groups acting on trees this theorem follows from the structure of the quotient graph\X.
Serre [14, Theorem 9, p. 106] has proved that \X consists of a “central” part adjoined to
a number of ends. Moreover, these ends are in one–one correspondence with the elements
of the ideal class group of C, Cl(C). By virtue of (LMQ) it is known precisely when Cl(C)
is trivial. In our ﬁnal section we use a matrix version of Serre’s theorem [9] to establish a
group-theoretic property particular to those  for which C is a principal ideal domain.
Theorem D.  has at most countably many ﬁnite index subgroups of non-zero level if and
only if C is a principal ideal domain.
The intuitive idea of the proof is the following. The group is generated by ﬁnitely many
elements corresponding to the central part of the graph \X plus countably inﬁnitely many
ones for each end. Let (q) be the minimal subgroup of level q. In general, (q) has inﬁnite
index in . Dividing  by (q) kills almost all of the generators corresponding to a certain
end. Thus (for q of sufﬁciently high degree) the group /(q) is ﬁnitely generated if and
only if there is no second end, i.e. if C has class number 1.
1. Notation
Throughout the paper we will use the following notation:
K an algebraic function ﬁeld of one variable with constant ﬁeld k,
g the genus of K,
∞ a chosen place of K,
 the degree of the place ∞,
C the ring of all elements of K that are integral outside ∞,
 the group SL2(C).
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ThenC is aDedekind ringwhose group of units is k∗. It is known that dimk(C/q) is ﬁnite, for
all non-zeroC-ideals q.We denote this dimension by deg(q). By deﬁnition k is algebraically
closed in K. (See [15, Chapters I, III].) The simplest example is the polynomial ring k[t].
(Indeed this is the “basic” example in the sense that k[t] is contained in every such C.)
For the special case
k = Fq ,
where Fq is the ﬁnite ﬁeld with q elements, it is known that C is the only example of an
arithmetic Dedekind domain of non-zero characteristic with ﬁnitely many units. The results
in Section 2 hold for all k. For nearly all of the remainder of the paper we assume that k is
ﬁnite.
For each  ∈ k∗, c ∈ C, we put
L(, c) :=
[
 c
0 −1
]
and
T (c) := L(1, c) =
[
1 c
0 1
]
.
For every subspace W of the k-vector space C we deﬁne
B2(W) := {L(, c) :  ∈ k∗, c ∈ W }
and its subgroup of unipotent matrices
U(W) := {T (c) : c ∈ W }.
It is easily veriﬁed that
〈B2(C), SL2(k)〉 = E2(C),
where
E2(C) :=
〈[
1 c
0 1
]
,
[
1 0
c 1
]
: c ∈ C
〉
is the group generated by the elementary matrices.
For every ideal a of C we deﬁne
(a) := the normal subgroup of  generated by all matrices T (c) with c ∈ a.
Deﬁnition. The level, l(S), of a subgroup S of  is deﬁned to be the largest ideal a′ in C
such that (a′) ⊆ S. This includes the possibility a′ = {0} (which we refer to as level zero).
Of particular importance are the subgroups
(a) :=
{[
a b
c d
]
∈  :
[
a b
c d
]
≡
[
1 0
0 1
]
(mod a)
}
.
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It is clear that l((a)) = l((a)) = a. It is well-known that
/(a)SL2(C/a).
Restricting our attention for the moment to the case where C is an arithmetic Dedekind
domain, a subgroup S of  is called a congruence subgroup if it contains a group (q)
for some non-zero ideal q of C. Since C/q is then ﬁnite, a congruence subgroup of  is
necessarily of ﬁnite index. The other ﬁnite index subgroups of  are called non-congruence
subgroups. Since C has countably many ideals,  has only countably many congruence
subgroups. On the other hand, it is well-known [14, Lemma 11, p. 125] that  has uncount-
ably many ﬁnite index subgroups. In particular, every ﬁnite index subgroup of level zero
is clearly a non-congruence subgroup. (We will prove the existence of uncountably many
such subgroups.)
We will make use of the following important property of the level of a congruence
subgroup. The ﬁrst version of this result (for the case of the classical modular group), due
to Fricke, dates back to the 19th century.
Theorem 1.1 (Grunewald and Schwermer [6, Theorem 2.5]). Suppose that k is ﬁnite. Let
S be a subgroup of ﬁnite index in. If l(S)=q is non-zero, then S is a congruence subgroup
if and only if (q) ⊆ S.
In [10–12] we determined
ncs(C) := the minimal index of a non-congruence subgroup in .
In all cases it turned out to be equal to m(), where
m(G) := the minimal index of a proper subgroup of a group G.
In Sections 4 and 5 we will examine in much more detail the levels of subgroups attaining
this minimal index.
2. Non-standard automorphisms
The results of this section hold for any k. Let  be the discrete valuation of K determined
by ∞. For each non-negative integer n, we put
C(n) := {x ∈ C : (x) − n}.
Then C(n) is a ﬁnite-dimensional vector space over k, whose dimension is determined by
the Riemann–Roch Theorem. (See [15, I.4.9, p. 18].) Obviously, k ⊆ C(n). In particular,
C(0) = k, by [15, I.1.19, p. 8].
We put
n := {L(, c) :  ∈ k∗, c ∈ C(n)} = B2(C(n)),
where n0. It is clear that, for all n0,
nn+1.
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We deﬁne
∞ :=
∞⋃
n=0
n = {L(, c) :  ∈ k∗, c ∈ C} = B2(C).
Serre’s decomposition theorem [14, Theorem 10, p. 119] shows that ∞ is a (non-trivial)
factor in a decomposition of  as an amalgamated product of a pair of its subgroups. We
make use of a matrix version [9] of Serre’s result. It is convenient to deal with the cases
g = 0 and g 	= 0 separately.
Theorem 2.1. Suppose that g 	= 0. Let n0 be the smallest integer n such that
n2g − 1.
Then there exists a subgroup J of , such that
= ∞ ∗
H
J ,
where H = n0 = B2(C(n0)). Moreover,
dimk(C(n0)) = n0+ 1 − g.
Proof. From the theory of groups acting on trees applied to the action of on its Bruhat–Tits
building it follows that
= ∞ ∗
H
J ,
whereH =n0 , for some subgroup J. (See [9, Theorems 4.2, 5.1].) The dimension ofC(n0)
follows from [9, Lemmas 1.2, 3.7]. 
We note that
gdimk(C(n0))g + − 1.
It follows, for example, that dimk(C(n0)) = g, when = 1. In particular, when g = = 1,
then C(n0) = k (as veriﬁed by Takahashi [16]).
Theorem 2.2. Suppose that g = 0. Then there exists a subgroup J of  such that
= ∞ ∗
0
J .
Proof. We note that Lemma 3.7 in [9] holds for “n = 1”, by [9, Lemma 1.2]. The result
follows from [9, Theorems 4.2, 5.1], as in the proof of Theorem 2.1. 
Remark 2.3. Theorems 2.1 and 2.2 generalize the well-known result
SL2(k[t]) = B2(k[t]) ∗
H
SL2(k),
whereH =B2(k), which is a version of Nagao’s theorem. (See [14, Chapter II, Section 1.6]
for a proof that uses the associated Bruhat–Tits tree.)
A.W. Mason, A. Schweizer / Journal of Pure and Applied Algebra 205 (2006) 189–209 195
The fact that in this special case the group J is explicitly known (and ﬁnite if k is ﬁnite)
is somewhat untypical. In most cases the group J will not be ﬁnitely generated. This comes
from the fact that in the description of  in terms of stabilizers of vertices and edges of the
quotient graph \X of the Bruhat–Tits tree X, the Borel subgroup B2(C) corresponds to a
cusp of \X (i.e. an inﬁnite half-line of vertices and edges), whereas J corresponds to the
rest of the graph. In the special case C= k[t] this rest is merely one vertex.
Let  : C→ C be any k-automorphism of the k-space C, which ﬁxes the elements of k.
Then  induces an automorphism  of ∞ deﬁned by
 : L(, c) −→ L(,(c)),
where  ∈ k∗, c ∈ C.
The following is an immediate consequence of Theorems 2.1 and 2.2.
Theorem 2.4. Let be any k-automorphism ofCwhich ﬁxes the elements ofC(n0).Deﬁne
 :  →  by
() =
{
L(,(c)), = L(, c),
,  ∈ J.
Then  is an automorphism of .
This extends a well-known result of Reiner [13] for the special case Ck[t] (Cohn [1,
Theorem 11.2] has proved an equivalent result for group E2(C)). The automorphism  is
“non-standard” in the following sense.
Any ring-automorphism 	 of C induces a “standard” automorphism 
 of , deﬁned by

 :
[
a b
c d
]
→
[
	(a) 	(b)
	(c) 	(d)
]
.
Moreover,  has of course inner automorphisms. Other “standard automorphisms” as de-
scribed in [13] do not occur, since there is no non-trivial homomorphism from  into k∗,
and the contragredient (inverse of the transposed matrix) is obtained by conjugating with[
0 −1
1 0
]
.
As we shall see below it is easy to ﬁnd automorphisms  as in Theorem 2.4 which are not
contained in the group generated by the inner and the standard ring automorphisms.
3. Quasi-level
With some speciﬁed exceptions the results of this section hold for all k. We apply non-
standard automorphisms to a special subset of C associated with each subgroup of .
Deﬁnition. Let N be a normal subgroup of . The quasi-level, ql(N), of N is the subset
ql(N) = {c ∈ C : T (c) ∈ N}.
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The quasi-level of an arbitrary subgroup S of  is deﬁned to be ql(NS), where NS is the
core of S, i.e. the largest normal subgroup of  contained in S.
Then the level l(S) is the largestC-ideal contained inql(S). In somecases this containment
is an equality. For example, it is clear that l((q)) = ql((q)) = q, for all C-ideals q.
Obviously, inner automorphisms do not change the level of S since they respect NS . If 	
is a ring automorphism of C and 
 the corresponding standard automorphism of , then

(S) has level 	(l(S)). In particular, 
 does not change the degree of the level. The main
idea of this section and the next ones will be to use non-standard automorphisms of  that
have a completely different effect on the level. So they cannot be contained in the group
generated by the inner and standard ring automorphisms.
Conjugating by the diagonal matrices L(, 0) we deduce the following.
Lemma 3.1. Let S be a subgroup of . Let u, v ∈ ql(S) and  ∈ k∗. Then
(i) u − v ∈ ql(S),
(ii) 2u ∈ ql(S).
As deﬁned in [8], we say that ql(S) is a quasi-subspace ofC. It is clear that every subspace
of C is a quasi-subspace. Conversely, it is also clear that, when char k 	= 2 or k is perfect,
every quasi-subspace is a subspace. However, it is not difﬁcult [8, p. 287] to ﬁnd examples
of quasi-subspaces which are not subspaces.
Subgroups of level C have a number of special properties.
Lemma 3.2. Suppose that k has at least four elements. Let S be a subgroup of . The
following are equivalent:
(i) ql(S) ∩ k 	= {0},
(ii) ql(S) = C,
(iii) NS ∩ SL2(k){±I2}.
Proof. If (iii) is satisﬁed the simplicity of PSL2(k) implies that
SL2(k){±I2}NS .
Let c ∈ C. Choose  ∈ k∗, where  	= ±1. Then
T (c) = L(, 0)T (c′)L(−1, 0)T (−c′) ∈ NS ,
where c′ = c(2 − 1)−1. Thus (C)S. The rest of the proof is obvious. 
The restriction here on k is necessary. By [8, Lemma 3.2(ii)] Lemma 3.2 does not hold
for C= k[t], when k has two or three elements.
Lemma 3.3. Let S be a subgroup of ﬁnite index in .
(i) If k is inﬁnite, then ql(S) = C.
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(ii) If k = Fq , then ql(S) is a k-subspace of C of ﬁnite codimension r , say. Moreover,
qr | : NS |.
Proof. If ql(S) 	= C then, by Lemma 3.2,
NS ∩ SL2(k){±I2}.
Thus, (i) follows from
|SL2(k) : NS ∩ SL2(k)| | : NS |<∞.
For the second part we note that, since U(ql(S)) = NS ∩ U(C), we have
qr |C : ql(S)| = |U(C) : U(ql(S))| = |U(C) : NS ∩ U(C)| | : NS |. 
If, for any k, the fundamental group of the quotient graph \X is non-trivial, the proof of
[11, Theorem 1.2] shows that  has ﬁnite index subgroups of quasi-level C and any index.
We now show how non-standard automorphisms can be used to prove that “almost all”
subspaces of C can be realized as the quasi-level of some subgroup of . This involves the
following straightforward lemma.
Lemma 3.4. Let V0 be any non-trivial ﬁnite-dimensional subspace of C. Then there exist
uncountably many subspaces W of C such that
C= V0 ⊕ W .
Equivalently, there exist uncountably many k-automorphisms of C which ﬁx V0.
We now choose one of the (inﬁnitely many) non-zero C-ideals, q0, for whichC(n0) ∩
q0 = {0}. Then there exists a ﬁnite-dimensional subspace C0 of C, containing C(n0), such
that
C= C0 ⊕ q0.
Theorem 3.5. With the above notation, let W be one of the uncountably many subspaces
of C such that
C= C0 ⊕ W .
Then there exists a normal subgroup N of  such that
ql(N) = W .
Proof. Let M = (q0) so that ql(M) = q0. By Lemma 3.4 there exists a k-automorphism
 of C, which ﬁxes C0, such that (q0)=W . Let  be the automorphism of  induced by
, as in Theorem 2.1. Then
ql((M)) = (q0) = W. 
The simplest cases of Theorem 3.5 arise when it is possible to choose C0 = k.
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Corollary 3.6. When k is ﬁnite,  has uncountably many ﬁnite index subgroups of level
zero.
Proof. In this caseC has only countably many ideals. Consequently, there are uncountably
many subspaces W as in the proof of Theorem 3.5 which do not contain any non-zero
C-ideal. 
Remark 3.7. Corollary 3.6 represents an anomaly in the following sense. Let A be an
arithmetic Dedekind domain. (Apart from A = C the only other examples with ﬁnitely
many units are A = Z and A = Od , the ring of integers in the imaginary quadratic number
ﬁeld Q(
√−d). Examples of such domains with inﬁnitely many units include A= Z[p−1],
where p is a rational prime, and the Laurent polynomial ring, k[t, t−1], where k = Fq .) The
level of a subgroup of SL2(A) can be deﬁned in an identical way. However, if A 	= C, it is
well-known that the level of a ﬁnite index subgroup of SL2(A) is always non-zero.
4. Level zero subgroups of small index
Throughout this section we assume that k=Fq , withp=char(Fq). Here we are concerned
primarily with the minimal index of a non-congruence subgroup of level zero. It turns out
that in nearly all cases this index is greater than ncs(C). In [10–12] we determine ncs(C).
In most cases it turns out to be 2.
We note that any normal subgroup of  of index relatively prime to p must have level C.
(It contains all the matrices T (c) since each has order p.) Thus, in many cases ncs(C) can
only be realized by a subgroup of level C. For subgroups whose level is not C we have the
following.
Lemma 4.1.
(a) The minimal index of a subgroup S in  of level different from C is at least m(SL2(k)).
(b) If q > 3, then the minimal index of a normal subgroup N in  of level different from C
is at least |PSL2(k)|.
Proof. (a) There exists a subgroup H of , conjugate to E2(C), such thatH ∩S is a proper
subgroup of ﬁnite index in H. Thus,
| : S| |H : (H ∩ S)|m(SL2(k[t])) = m(SL2(k)).
Here the second inequality follows from the fact that E2(C)SL2(k[t]). (See [12, Lemma
2.1].) The ﬁnal equality is proved in [10].
(b) Follows from Lemma 3.2. 
As we now show these lower bounds can be attained by subgroups of both zero and
non-zero levels.
Lemma 4.2. Suppose that q3. With the above notation, let V be any hyperplane of C
containing C(n0). Then there exists a normal subgroup of index q in  whose quasi-level
is V .
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Proof. Let Z = {±I2}. We note that, for every subspace W of C,
U(W)W+.
It follows from Theorems 2.1 and 2.2 that
= A ∗
C
B,
where B = Z × U(C) and C = Z × U(C(n0)). As in the proof of Theorem 2.4, the k-
epimorphism from V onto k, whose kernel is V , extends in a natural way to an epimorphism
from  onto k, whose kernel has the desired properties. 
We recall that m(SL2(k)) = q when q3.
Theorem 4.3. Suppose that q3. Then
(a)  has uncountably many normal subgroups of level zero and index q.
(b) For every maximal idealm of C for which deg(m)> dimk(C(n0)), there exists at least
one normal non-congruence subgroup of  of level m and index q.
Proof. (a) Since C has only countably many ideals, there exist uncountably many hyper-
planes inC each containingC(n0) but not containing any non-zero ideal. The result follows
from Lemma 4.2.
(b)Thehypothesis ensures that there exists a hyperplaneW inCwhich containsm+C(n0).
By Lemma 4.2 there exists a normal subgroup N of  of index q, quasi-levelW and levelm.
If N is a congruence subgroup it contains (m) by Theorem 1.1. Now /(m)SL2(Fq ′),
where q ′4,which has no normal subgroup of index q. It follows thatN is a non-congruence
subgroup. 
We now deal with the lower bound in Lemma 4.1(b).
Lemma 4.4. Suppose that C has a maximal ideal m with deg(m) = 1. Let W be any
hyperplane in C containing m ∩ C(n0) but not containing k. Then there exists a normal
subgroup N of  of quasi-level W such that
N(m).
Proof. It is clear that
C= W ⊕ k =m⊕ k,
from which it follows that
C(n0) = (W ∩ C(n0)) ⊕ k = (m ∩ C(n0)) ⊕ k.
We deduce that there exists a k-automorphism, 	, of C, ﬁxing C(n0), such that
	(m) = W .
The proof follows from Theorem 2.4. 
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Proposition 4.5. Suppose that q > 3 and that K has a place ∞′ 	= ∞ of degree 1. Then:
(a) There exist uncountably many normal subgroups N of level zero with /NPSL2(k).
There exist uncountably many level zero subgroups of index m(SL2(k)) in .
(b) For almost all maximal idealsm of C, there exists a normal non-congruence subgroup
N of levelmwith/NPSL2(k) and a non-congruence subgroup of levelm and index
m(SL2(k)) in .
Proof. Let m′ be the maximal C-ideal determined by ∞′. Then /(m′)SL2(k).
(a) Clearly, C has uncountably many hyperplanes each containing m′ ∩ C(n0) but not k
or any non-zero C-ideal. There exist uncountably many normal subgroups N of the
required type by Lemma 4.4.
The simplicity of PSL2(k) ensures that any proper subgroup of  containing such an N
is also non-congruence of level zero.
(b) We note that dimk(C(n0)/m′ ∩ C(n0)) = 1. If deg(m) is big enough, we have
m ∩ C(n0) = {0} and deg(m)> dim(C(n0)).
This ensures that there exists a hyperplane W of C containing (m′ ∩ C(n0)) ⊕m.
By Lemma 4.4 there exists a normal subgroupM of isomorphic to(m′) of quasi-level
W and (hence) level m. Let N = ZM . Then N has level m and | : N | = |PSL2(k)|.
If N is a congruence subgroup then N contains (m), by Theorem 1.1. But /(m)
PSL2(Fq ′), where q ′ >q, which has no normal subgroup of index |PSL2(k)|. Hence N is a
non-congruence subgroup which is contained in a subgroup S of index m(SL2(k)). Clearly,
S is also a non-congruence subgroup of level m. 
Remark 4.6. By the Hasse–Weil bound (see for example [15, Theorem V.2.3]) the
condition in Proposition 4.5 is always satisﬁed if g < 12
√
q. But there are also many
rings C which have no ideals of degree 1. For g = 1, q > 3 the only example of such a
ring is
F4[x, y] with y2 + y = x3 +  where  generates F∗4.
In this speciﬁc case the conclusions of Proposition 4.5 hold nevertheless by the proof of the
next lemma.
We wish to list all those ncs(C) which are attained by subgroups of level zero. For this
we require one further lemma.
Lemma 4.7. Let q = 4 and g =  = 1. Then  has uncountably many normal subgroups
N of level zero with /NPSL2(F4).
Proof. This follows from the fact that there is a surjective group homomorphism from 
to E2(C)SL2(F4[t]). (Compare with [12, Lemma 2.1 and Theorem 5.3]). 
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Corollary 4.8.
(a) There are uncountably many subgroups of level zero and index ncs(C) for each of the
following cases:
(i) g = 0, 2,
(ii) q = 2,
(iii) CF4[x, y] with y2 + y = x3 +  where  generates F∗4,
(iv) CF4[x, y] with y2 + xy = x3 + x + 1 where  generates F∗4.
In all other cases the minimal index of a subgroup of level zero is greater than ncs(C).
(b) The minimal index of a normal non-congruence subgroup is realized by a normal
subgroup of level zero only in cases (i) and (ii).
Proof. (a) We combine all the results of this section together with the explicit values of
ncs(C) given in [12].
Part (b) is proved in a similar way. 
5. Non-congruence subgroups of non-zero level
Throughout this section we again assume that k = Fq . We are primarily concerned here
with the minimal index of a non-congruence subgroup of a prescribed non-zero level,
especially one of level C.
In [11] we used the following lemma to prove (in a not very constructive way) the
existence of certain non-congruence subgroups. As usualGab denotes the abelianization of
a group G.
Lemma 5.1. If the (free abelian) rank of (a)ab is positive, then, for every integer n> 1,
there exists a non-congruence subgroup S of  of level a with |(a) : S| = n.
In particular, if ab itself has positive rank, then  has a (normal) non-congruence
subgroup of index 2 and level C.
Proof. Consider the chain of canonical epimorphisms (a) → (a)ab → Zr , where r is
the rank of (a)ab. In Zr we can choose a (normal) subgroup of index n. Its preimage in
(a) contains (a), since (a) is generated by torsion elements, and it is a non-congruence
subgroup by Theorem 1.1 unless n = 1. 
Before applying this lemma, we ﬁrst look at some special cases where ab has zero rank.
(See [11].)
Lemma 5.2. Let q = 2.
(a) If g = 0 and  = 3, then there exist uncountably many non-congruence subgroups of
level C and index 2.
(b) If g =  = 1, then C is the afﬁne coordinate ring of an elliptic curve E over F2. If C
has a (maximal) ideal of degree 1, i.e. if #E(F2)> 1, then  has uncountably many
non-congruence subgroups of level C and index 2.
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(c) The (up to isomorphism) only case in (b) where C has no ideals of degree 1 is
C= F2[x, y] with y2 + y = x3 + x + 1.
For every maximal ideal m of this C, there exists a non-congruence subgroup of level
m and index 2, but the smallest index of a (normal) subgroup of level C is 3.
Proof. (a) By [12, Theorem 4.5] in this case we have
= E2(C) ∗ ∗ ∗ ∗∗,
where ∗ and ∗∗ are F2-vector spaces of countably inﬁnite dimension. If N is the normal
subgroup generated by E2(C) and ∗, then /N∗∗, and ∗∗ has uncountably many
subgroups of index 2.
(b)We adopt the notation used in [12, Section 5]. Note that the groups () in that paper
are different from the groups (a) in the present paper. By [12, Theorem 5.2] we have
= (B2(C) ∗
B2(k)
SL2(k)) ∗ (0) ∗ (1).
If #E(F2)> 1, we see (from the description in [12, Theorem 5.3]) that at least one of the
groups (0), (1) has uncountably many subgroups of index 2.
(c) The fact that this is the only elliptic curve over F2 with only one rational point is well
known. (See [14, p. 117, Exercise 3].)
For the other statements we use the amalgamated product from part (b).We extendB2(m)
to a complementU ofB2(F2) inB2(C). Then the normal subgroup S of generated by(0),
(1), U and the elements of order 3 in SL2(F2) has level m and index 2. Now |C/m|4
and so /(m)SL2(C/m) has no subgroups of index 2. So S cannot contain (m), and
S is therefore a non-congruence subgroup by Theorem 1.1.
The last statement follows from the fact that in this case (0) and (1) are groups of
order 3. (See [12, Theorem 5.2].) 
Theorem 5.3. If g > 0 or > 2, then, with the exception of the “elliptic” case discussed in
Lemma 5.2(c), the group  always has a normal non-congruence subgroup of level C and
index ncs(C).
Proof. First, we treat the cases where q is even and (g, ) is (0, 3) or (1, 1). If 4|q, we
have shown in [12] that  contains a normal non-congruence subgroup of levelC and index
ncs(C). For q = 2 see Lemma 5.2.
In all other cases  has positive rank and so Lemma 5.1 applies. 
Corollary 5.4.
(a) The minimal index of a normal non-congruence subgroup in  can always be attained
by a normal non-congruence subgroup of non-zero level.
(b) The minimal index ncs(C) can always be attained by a non-congruence subgroup of
non-zero level.
Proof. Follows from Theorems 4.3, 5.3 and Proposition 4.5. 
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Clearly, for any  every non-zero C-ideal is the level of a congruence subgroup, which
gives rise to the following question. Is this also true for the non-congruence subgroups
of ?
Theorem 5.5.
(a) SL2(k[t]) has no non-congruence subgroups of level a if and only if deg(a)1. If
deg(a)> 1, the number of non-congruence subgroups of level a is countably inﬁnite.
(b) Let g=0 and =2. If q3, then there exist uncountably many normal non-congruence
subgroups of level C and index q in . But if q > 3, then  has no non-congruence
subgroups of level C. For any q there are inﬁnitely many non-congruence subgroups of
level a, for all C-ideals a.
(c) If g > 0 or > 2, then  has non-congruence subgroups of every non-zero level a.
Proof. (a) Since=SL2(k[t]) is generated by elementarymatrices, it follows that(C)=.
Suppose that deg(m) = 1. Then  is generated by (m) and SL2(k) (again since  is
generated by elementary matrices). So we see that
/(m)/(m)SL2(k).
Thus (m) = (m).
If however deg(a)> 1, then (a)ab has positive rank by [5, Corollary 5.8]. By Lemma
5.1 then inﬁnitely many non-congruence subgroups of SL2(k[t]) of level a.
On the other hand, SL2(k[t])/(a) is generated by elementary matrices whose off-
diagonal entries can be chosen from a system of representatives of k[t], modulo a. Hence
SL2(k[t])/(a) is ﬁnitely generated. Since a ﬁnitely generated group has at most countably
many subgroups of ﬁnite index this implies that there are only countably many subgroups
of level a and ﬁnite index in SL2(k[t]).
(b) We refer to the (complicated) amalgamated product given in [12, Theorem 3.3]. If
q3, then in this product the group ∗ is the direct sum of L and a k-vector space V of
countably inﬁnite dimension. If N is the normal subgroup of  generated by ∞, 0 and
∗1, then (C) ⊆ N and /NV . Now V has uncountably many subgroups of index q.
For q > 3 it was shown in [12, Lemma 3.5] that the normal subgroup of  generated by
SL2(k) is . This immediately implies (C) =  and hence that  has no non-congruence
subgroups of level C.
From [4, Theorem 5.11, p. 90] we see that for every non-trivial ideal a of C the rank of
(a)ab is positive.Hence byLemma5.1 there are inﬁnitelymanynon-congruence subgroups
of level a.
(c)We have already seen inTheorem 5.3 that in this case there is always a non-congruence
subgroup S of level C. Then S ∩ (a) is a non-congruence subgroup of level a. 
Corollary 5.6. If  has a non-congruence subgroup of level C, then it also has a non-
congruence subgroup of level C and index ncs(C), except for the “elliptic” case discussed
in Lemma 5.2(c).
Proof. Follows from Theorems 5.3 and 5.5. 
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6. Principal ideal domains
We continue with the assumption that k is ﬁnite. As we shall see the ideal class group,
Cl(C), of (the Dedekind domain) C plays a central role in Serre’s decomposition theorem
[14, Theorem 10, p. 119]. The principal aim of this section is to establish a group-theoretic
property particular to those  for which Cl(C) is trivial.
Remark 6.1. By virtue of the exact sequence on [14, p. 104] it follows that Cl(C) is trivial
if and only if = 1 and the divisor class group of K, Jac(K), is trivial. (See [15, p. 16].)
From [7, Theorem 2] we see that apart from Ck[t] there are (up to isomorphism) only
4 other C with trivial ideal class group, namely
F2[x, y] with y2 + y = x3 + x + 1,
F2[x, y] with y2 + y = x5 + x3 + 1,
F3[x, y] with y2 = x3 − x − 1,
F4[x, y] with y2 + y = x3 +  where  generates F∗4.
(There are a few more ﬁelds K with trivial divisor class group, but they do not have any
places of degree 1.)
The proofs in this section do not use the explicit description in Remark 6.1.
We require a matrix version [9] of [14, Theorem 10, p. 119]. We begin with some deﬁni-
tions from [9]. From now on we put
G = GL2(C).
Deﬁnition. For each s ∈ K∗, we put
S(s) :=
{[
+ sc (− )s − s2c
c − sc
]
: ,  ∈ k∗,
c ∈ C ∩ Cs−1 ∩
(
(− )s−1 + Cs−2
)}
.
Then S(s) is a subgroup of G with a normal subgroup
U(s) :=
{[
1 + sc −s2c
c 1 − sc
]
: c ∈ C ∩ Cs−1 ∩ Cs−2
}
.
We put
S(∞) :=
{[
 c
0 
]
: ,  ∈ k∗, c ∈ C
}
.
Then S(∞) is a subgroup of G with a normal subgroup
U(∞) := {T (c) : c ∈ C}.
Our results depend on a decomposition for G of the following type.
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Deﬁnition. We say that a group H is the star-product of its subgroups H0, H1, · · · , Hn,
where n1, written
H = Star(H0;H1, . . . , Hn),
if
H(G(−), T ),
the fundamental group, [2, p. 12], of the (star-shaped) tree of groups, (G(−), T ), where
(i) V (T ) = {v0, v1, . . . , vn},
(ii) E(T ) = {e1, . . . , en}, with ei joining v0 and vi (1 in),
(iii) G(vj ) = Hj (0jn),
(iv) G(ei) = H0 ∩ Hi (1 in).
(Less precisely H is “the free product of H0, H1, . . . , Hn, with H0 and Hi amalgamated
along their common subgroup H0 ∩ Hi , where 1 in.”)
We put
K̂ = P1(K) = K ∪ {∞}.
(Note that here the symbol “∞” is used in a different context than earlier.) The group G
acts on K̂ (as linear fractional transformations) and it is well-known that this provides a
one–one correspondence
G\K̂ ↔ Cl(C).
Since k is ﬁnite it is also well-known that Cl(C) is ﬁnite.
The group G also acts [14, Chapter II, Section 1] on its associated Bruhat–Tits tree, X,
and the structure of the quotient graph G\X leads, via the theory of groups acting on trees,
to the decomposition theorem [14, Theorem 10, p. 119]. It is known that, when k is ﬁnite,
the stabilizer inG of every vertex (and hence every edge) of X is ﬁnite. (See [14, Proposition
2, p. 76].)
Theorem 6.2. With the above notation, there exists a ﬁnite subsetS of K̂ − k, containing
∞, in one–one correspondence with Cl(C), together with elements g ∈ G, where  ∈ S
and g∞ = I2, and a subgroup S0 of G such that
G = Star(S0; gS()g−1 , ( ∈S)),
where
S0(G(−), Y ),
the fundamental group of a graph of groups (G(−), Y ),withY a ﬁnite (connected) subgraph
of G\X.
Moreover, S0 ∩ gS()g−1 is ﬁnite, for all  ∈ C.
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Proof. We denote G\X by X¯. The structure of X¯ is given by [14, Theorem 9, p. 106].
(See also [9, Theorem 4.7].) Using a lift, j : T¯ → X, of a maximal tree T¯ of X¯, the
decomposition for G [14, Theorem 10, p. 119] follows from [14, Theorem 13, p. 55]. (For a
matrix version see [9, Theorem 5.1].) Conjugating (if necessary) we may choose g∞ = I2.
The assertion that S0 is the fundamental group of a ﬁnite graph of groups follows from
the fact that
{e ∈ E(X¯) : e /∈E(T¯ )}
is ﬁnite. (See [14, Corollary 4, p. 108] or [9, Lemma 5.2].) For the remainder see [9, Theorem
5.1, Lemma 1.2]. 
Wewill now obtain a “restricted” version of Theorem 6.2 for the (normal) subgroup(q)
of G. For this we require a number of lemmas.We write almost all for all but ﬁnitely many.
Lemma 6.3. Let S be a ﬁnite subgroup of G. Then, for almost all q,
(q) ∩ S = {I2}.
Proof. We note that X = (xij ) lies in (q) if and only if
x11 − 1, x22 − 1, x12, x21 ∈ q. 
Lemma 6.4. For almost all q, the group
(q) ∩ S0
is ﬁnitely generated free (possibly trivial).
Proof. We recall from Theorem 6.2 that
S0 = (G(−), Y ),
where Y is a ﬁnite subgraph of X¯. Let Y ′ be the lift in X of a maximal tree ofY. By Lemma
6.3 it follows that, for almost all q, the stabilizer in (q) of each of the vertices of Y ′ is
trivial. We now ﬁx such a q.
The above presentation for S0 determines a tree, T0, (its “universal covering”) on which
S0 acts, such that
S0\T0Y .
(See [14, p. 51].) Then S0 ∩ (q) acts on T0 such that all its vertex stabilizers are trivial. It
follows that S0 ∩ (q) is free. In addition, S0 and hence S0 ∩ (q) are ﬁnitely generated.

Lemma 6.5. Let q be any proper C-ideal. Then[
+ sc (− )s − s2c
c − sc
]
∈ (q)
if and only if = = 1 and c ∈ q ∩ qs−1 ∩ qs−2.
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Proof. If the above matrix belongs to (q), then
= 1 and +  ≡ 2 (mod q).
Since q 	= C it follows that + = 2 and hence that = = 1. 
Deﬁnition. For each q and each s ∈ K∗, we put qs := q ∩ qs−1 ∩ qs−2 and
U(qs) :=
{[
1 + cs −cs2
c 1 − cs
]
: c ∈ qs
}
.
We put q∞ := q and
U(q∞) := {T (c) : c ∈ q} .
It is clear that, for all  ∈ K̂ ,
U(q)(q)
+
.
With the notation of Theorem 4.1 we put
S¯() = gS()g−1
and
U¯ (q) = (q) ∩ S¯() = gU(q)g−1 ,
where  ∈S.
Theorem 6.6. For almost all non-zero q, there exists a system, R, of right coset repre-
sentatives for G, mod((q) · S¯()), and a ﬁnitely generated free subgroup F of G such
that
(q) = F ∗
(
∗
∈S
W(q)
)
,
where, for each  ∈S,
W(q) = ∗
g∈R
gU¯(q)g
−1
.
Proof. We now ﬁx one of the almost all, proper, non-zero q for which Lemmas 6.3, 6.4
and 6.5 hold. We can now apply [3, Corollary 5.1] to the normal subgroup (q) of the
tree-product G. Then by Theorem 6.2
(q) = F0 ∗
(
∗
∈S
W(q)
)
,
where
F0 = ∗
g∈R0
g((q) ∩ S0)g−1,
for some system R0 of right coset representatives forG,mod((q) ·S0). The result follows
from Lemma 6.4. 
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We now come to the main results in this section.
Theorem 6.7. The group /(q) is ﬁnitely generated, for all non-zero q, if and only if C
is a principal ideal domain.
Proof. Let q be any ideal to whichTheorem 6.6 applies and let ¯(q) be the normal subgroup
of (q) generated by
W(q∞) = ∗
g∈R∞
gU(q∞)g−1.
Then ¯(q) is the normal subgroup of G generated by U(q∞). It is clear that (q)¯(q).
Now consider any element
gT (c)g−1,
where g ∈ G and c ∈ q. Then
g = dg′,
where g′ ∈  and d = diag(, 1) with = det g. It is easily veriﬁed that
gT (c)g−1 = g0T (c′)g−10 ,
where g0 = dg′d−1 and c′ = c. We deduce that (q) = ¯(q) and hence that
(q)/(q)F ∗
(
∗
 	=∞ W(q)
)
.
Suppose thatS= {∞}. Then
(q)/(q)F
is ﬁnitely generated by Theorem 6.6. Hence /(q) is ﬁnitely generated for all q, since
(q1)(q2) whenever q1q2.
Suppose now thatS 	= {∞}. Let  ∈S− {∞}. Then by Theorem 6.6 (q)/(q) maps
onto
U(q)(q)
+
,
for almost all q. Now (q)+ is the additive group of a k-vector space of countably inﬁnite
dimension and consequently is not ﬁnitely generated. 
It is well-known [14, Lemma 11, p. 125] that has uncountably many subgroups of ﬁnite
index. How many of these have non-zero level depends on the ideal class number of C.
Theorem 6.8. The group  has at most countably many ﬁnite index subgroups of non-zero
level if and only if C is a principal ideal domain.
Proof. The subgroups of non-zero level q are in bijection with the subgroups of /(q).
In addition, C has only countably many ideals q (since they are at most 2-generated).
A.W. Mason, A. Schweizer / Journal of Pure and Applied Algebra 205 (2006) 189–209 209
IfCl(C) is trivial, then the result follows fromTheorem6.7. Suppose now thatCl(C) is not
trivial. Then, from the proof of Theorem 6.7, there exists a non-zero q such that (q)/(q)
maps onto the additive group of a k-vector space of countably inﬁnite dimension. Such a
space has uncountably many hyperplanes and so /(q) has uncountably many subgroups
of ﬁnite index. 
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